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~5-4-3-2-1 01 2 3 4 5
Graph of the Set {-3,-1,0, 1, 3, 5}

Figure 5
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Graph of the Set of Real Numbers
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\/E, \/5, and 7 are irrational. Since
V2 is approximately equal to 1.41,
it is located between 1 and 2, slightly
closer to 1.

Figure 7

g wnd the Member Line  As mentioned in the previous section,
the set of natural numbers is written in set notation as follows.

{1,2,3,4,...}

Matural munbers (Section R.1)
Including O with the set of natural numbers gives the set of whole numbers.

{0,1,2,3,4,...}

Whole numbeis

Including the negatives of the natural numbers with the set of whole numbers
gives the set of integers.

{...,-3-2-1,0,1,23,...}

Integers can be graphed on a number line. See Figure 5. Every number
corresponds to one and only one point on the number line, and each point cor-
responds to one and only one number. The number associated with a given point
is called the coordinate of the point. This correspondence forms a coordinate
system.

The result of dividing two integers (with a nonzero divisor) is called a
rational number, or fraction. A rational number is an element of the set defined

The set of rational numbers includes the natural numbers, the whole numbers,
and the integers. For example, the integer —3 is a rational number because it
can be written as %3 Numbers that can be written as repeating or terminating
decimals are also rational numbers. For example, 0.6 = 0.66666 ... represents a
rational number that can be expressed as the fraction %

The set of all numbers that correspond to points on a number line is the
real numbers, shown in Figure 6. Real numbers can be represented by decimals.
Since every fraction has a decimal form—for example, % = (0.25—real num-
bers include rational numbers.

Some real numbers cannot be represented by quotients of integers. These
numbers are irrational numbers. The set of irrational numbers includes V3
and V/5. Another irrational number is 7, which is approximately equal to

3.14159. The numbers in the set { - %, 0, \/E, \/g, T, 4} can be located on a
number line, as shown in Figure 7.
The sets of numbers discussed so far are summarized as follows.

Integers

p and ¢ are integers and g # 0} Rational numbers

Sets of Numbers

Set Description
Natural numbers {1,2,3,4,...}
Whole numbers {0,1,2,3,4,...}

{..-3,-2,-1,0,1,2,3,..}
{%l p and q are integers and g # 0}

Integers
Rational numbers
Irrational numbers  {x|x is real but not rational }

Real numbers {x]x corresponds to a point on a number line}
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. . Identifying Sets of Numbers

TLet A=4—8, —6, —17%, —%, 0,%,%, 1, \/?j, \/g, 6}. List the elements from A
that belong to each set.

(a) Natural numbers (b) Whole numbers (¢) Integers

(d) Rational numbers (e) Irrational numbers (f) Real numbers

(a) Natural numbers: 1 and 6 . (b) Whole numbers: 0, 1, and 6
(c) Integers: —8, —6, ——% (or —3),0,1,and 6

(d) Rational numbers: —8, —6, —142 (or —3), —%, 0, %, %, 1,and 6
(e) Irrational numbers: \/E and \@

(f) All elements of A are real numbers.

e Mow Try Exercises 1, T1, amid 13,

Figure 8 shows the relationships among the subsets of the real numbers.

Real Numbers
Rational numbers Irrational numbers
4 _5 1 V2
9’ 8’17
Integers ‘ V15
11,-6,-3,-2,-1
Whole numbers -V8
0
T
Natural numbers
1,2,3,4,5,37,40 T

Figure 8

éxgmﬁ:ee;tgi The product 2 + 2 + 2 can be written as 23, where the 3 shows
that three factors of 2 appear in the product.

Exponential Notation

If n is any positive integer and a is any real number, then the nth power of a
is written using exponential notation as follows.

at=aa‘a*..."a

n factors of @

That is, a" means the product of n factors of a. The integer n is the exponent,
a is the base, and a” is a power or an exponential expression (or simply an
exponential). Read a" as “a to the nth power,” or just “a to the nth.”
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. Evaluating Exponential Expressions

Evaluate each exponential expression, and identify the base and the exponent.

@ 4 B (-6 (-6 (@) 4:3 () (4-3)

(@) 42 =4-4-4=64 Thebaseis4 and the exponent is 3.
N —
3 factors of 4

(b) (-6)> =(—6)(—6) =36 Thebaseis —6 and the exponent is 2.
(© —6> =—(6+6)=-36 y&moticethatparts {b) and)

The base is 6 and the exponent is 2. fc) are different,
(d) 4-3? =4-3-3=36 Thebaseis 3 and the exponent is 2.

N @=3-3N0T3-2)
I

The base is 4 - 3, or {2, and the exponent is 2.

2" Mow Try Exercises 17, 18, 24, and 23,

Grder of @pemﬁs}ﬁs ' When a problem involves more than one operation
symbol, we use the following order of operations.

Order of Operations

If grouping symbols such as parentheses, square brackets, absolute value

bars, or fraction bars are present, begin as follows.

Step 1 Work separately above and below each fraction bar.

Step 2 Use the rules below within each set of parentheses or square
brackets. Start with the innermost set and work outward.

If no grouping symbols are present, follow these steps.

Step 1 Simplify all powers and roots. Work from left to right.
Step 2 Do any multiplications or divisions in order. Work from left to right.

Step 3 Do any negatif)ns, additions, or subtractions in order. Work from
left to right.

Using Order of Operations

Evaluate each expression.

@ 6+3+23+5 by 8+6)+7+3—6
4+ 32 —(=3)’+ (=9)
© 553 @D 28y —503)

SOLUTION

(@ 6+3+2°-5=6+3+8°5 Evaluate the exponential.

=2+8:5 Divide. ™ yiitiply or divide in
=7 + 40 Multiply. order from left to right.

=42 Add.
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(b) (8 +6y+7T- 3—6=14+7-3—-6 7 Worl inside parenthases,
(Be careful to divide Z9.3-6 Divide.

before muitiplying here.

-6 Muliply.

6
=0 Subtract.

Bvaluate the exponential and multiply.

13 13
— =2 or —— Addandsubtract: 2= — i
9 .

(3 (=5) _ () + ()

(d) 2(—8) — 5(3) 2(—8) — 5(3) Evaluate the exponential.
27 + (-5)
= 16— 15 Multiply.
22 22 )
= :3—1“, or ——3—1 Add and subtact; <5 = —%.

o Mowr Try Exercises 25, 17, aned 33,

Using Order of Operations

Evaluate each expression for x = =2, y = 5, and z = —3.
x_ X
2(x—5)*+ 4y 2
—4x*— Ty +4z¢ (b
(@) —4x*—Ty+4z (b) ) (C)§£§>i
9 5

Use parentheses around
substituted values to avoid errors.

(@) —4x2—Ty+4z= —4(-2)2 —17(5) + 4(—3) Substitute: x=—2, ¥y = 3,

and z = —3.

I

—4(4) — 7(5) + 4(—3) Evaluate the exponential.

=—-16-35—-12 Multiply.
= —63 Subtract,
(b) 2(x— 5)2“4— 4y _ 2(—2— 5)2 4+ 4(5)  Substitte: v=—2, y =5, and
4+ 4 -3+4 i=d
_ 2(—7)2 + 20 Work inside parentheses.
- 1 Then multiply and add.
=2(49) + 20 Evaluate the exponential.
=98 + 20 Multiply.
=118 Add.
x_Y 2.3
© 2 5 2 5 Subs , -
— = ubstitute: v = —2, y =2, @ d o= —3.
- % 8y 303 3(5) ibstitute: x ¥ aind
—+ +—
9 5 9 5
Tl 22 ity the et
=———, or —7 Simplify the fractions.
—1+38 7 Dbl fhe Hactons

" Now Try Exercises 35,43, and 4. '
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Braparies of Real |

fumbers  The following basic properties can be general-

ized to apply to expressions with variables. -

Properties of Real Numbers

Let a, b, and c¢ represent real numbers.

Property

Closure Properties
a + b is areal number.
ab is a real number.

Commutative Properties
a+b=b+a
ab = ba
Associative Properties
(@a+b)+c=a+(b+c)
(ab)c = a(bc)

Identity Properties
There exists a unique real number 0
such that

a+0=a and 0+a=a
There exists a unique real number 1
such that

a*1l=a and 1-a=a.
Inverse Properties
There exists a unique real number —a
such that

a+ (—a)=0and —a +a=0.

If a # 0, there exists a unique real
number & such that

1
a*—=1 and 1'a=1.
T oa a

Distributive Properties
a(b + ¢) = ab + ac
a(b —¢) =ab — ac

Description

The sum or product of two real
numbers is a real number.

The sum or product of two real
numbers is the same regardless of
their order.

The sum or product of three real
numbers is the same no matter
which two are added or multiplied
first.

The sum of a real number and 0 is
that real number, and the product
of a real number and 1 is that real
number.

The sum of any real number and
its negative is 0, and the product
of any nonzero real number and
its reciprocal is 1.

The product of a real number and
the sum (or difference) of two
real numbers equals the sum (or
difference) of the products of the
first number and each of the other
numbers.

The multiplication property of zero says that 0 - @ = a + 0 = 0 for all

real numbers a.

CAUTION With the commutative properties, the order changes, but with
the associative properties, the grouping changes.

Commutative Properties

Associative Properties

(+D)+9=(4+)+9

(x+4)+9=x+(4+9)

7e(5-2)=(5-2)+7

7e(5-2)=(75+2




5 3
Geometric Model of the
Distributive Property

Figure 9
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Simplifying Expressions

Use the commutative and associative properties to simplify each expression.

5 6
@6+Ern B 306) © -10%)
SOLUTION

(@ 6+ (9+x)= (6 +9) +x  Associative property

=15+x Add.
5 5 o
®) §(16y) = R <16 |y Associative property
= 10y Multiply.
6 6
(¢ —10p 5 = -5“(—10p) Commutative propetty
6
= —5“(— 10) P Associative property
=—12p Multiply.

& Mow Try Exercises 63 and 65.
Figure 9 helps to explain the distributive property. The area of the entire re-
gion shown can be found in two ways, as follows.
4(5+3)=4(8)=32
or C4(5) +4(3)=20+12=32
The result is the same. This means that

4(5 +3) =4(5) +4(3).

. Using the Distributive Property

Rewrite each expression using the distributive property and simplify, if possible.

@@ 3(x+y) ® —(m— 4n) (0 é—(%m - %n — 27) (d) 7p+21

SOUETION

AN '
(@ 3(x+y)=3x+3y

Be careful with

=~ 1(m) + (- 1)(~4n)

. =—m+4n
0 (e )=o)+ (-20) ke
3\ 2" 3\5 s\ 2" 73

4 1

Em 5n—9

(d Tp+21=Tp+7-3
= 7(p + 3) Distributive property in reverse
o Now Try Exercises 67, 69, and 71.
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If the real number a is to the left of the real num-

A e
-5 3 1o (20 ber b on a number line, then

5-4-3-2-1 0123 43 ais less than b, written a < b. —"
—/5 is to the left of —171 on the num- e lzelqua ltty

; _ _u a5 If ais to the right of b, then symbol mus
Per hn: S? . \/f§ < (71’ and jo g point toward the
is to the right of =, indicating that . .
GO > & & a'is greater than b, written a > b. lesser number.

Figure 10 Figure 10 illustrates this with several pairs of numbers. Statements involving

these symbols, as well as the symbols less than or equal to, =, and greater than
or equal to, =, are called inequalities. The inequality @ < b < ¢ says thatbis
between a and ¢ since a < band b < c.

Ahsobite Yalue  The distance on the number line from a number to 0 is

Difg"gfce b ‘fﬁ‘;“e called the absolute value of that number. The absolute value of the number a

R I S R S—— is written |a|. For example, the distance on the number line from 5 to 0is 5,

-5 0 5 as is the distance from —3 to 0. See Figure 11. Therefore, both of the following
Figure 11 are frue.

I5|=5 and [-5|=5

IR Since distance cannot be negative, the absolute value of a numn-
ber is always positive or 0.

The algebraic definition of absolute value follows.

Absolute Value

Let a represent a real number.

Ial‘{ a ifa=0
T l-a ifa<0

That is, the absolute value of a positive number or 0 equals that number, while
the absolute value of a negative number equals its negative (or opposite ).

Evaluating Absolute Values

Evaluate each expression.

@ |—= (®) —|8] (e —|-2] @ [2x|, forx=1m

(@ |—%|= b) —|8|=—-(8)=-8

(c) —1*2|=-—(2)=—2 (d) lZ’iT[:Zfrr
w o Maw Try Exercises 83 and 87,

Absolute value is useful in applications where only the size (or magnitude),
g not the sign, of the difference between two numbers is important.




LOOKING AHEAD T0 CALCULUS
One of the most important definitions

-in calculus, that of the limit, uses ab-
solute value. (The symbols e (epsilon)
and 8 (delta) are often used to repre-
sent small quantities in mathematics.)

Suppose that a function f is defined
at every number in an open interval [
containing 4, except perhaps at g itself.

Then the limit of f(x) as x approaches
ais L, written

lim f(x) =L,
& x—a

Vif for every € > 0 there exists a
5> O suchthat | f(x) — L} < e
whenever 0 < [x —a| < 8.
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Measuring Blood Pressure Difference

Systolic blood pressure is the rhaximum pressure produced by each heartbeat.
Both low blood pressure and high blood pressure may be cause for medical con-
cern. Therefore, health care professionals are interested in a patient’s “pressure
difference from normal,” or Py.

Tf 120 is considered a normal systolic pressure, then

P;=|P —120|, where P is the patient’s recorded systolic pressure.
Find P, for a patient with a systolic pressure, P,of 113.
Py=|P—120|
=|113—120] LetP=113.

=|-17] Subiract.
=17 Definition of absolute value

v Mow Try Exercise 88,

Properties of Absolute Value

Let a and b represent real numbers.

Property . Description

1. |e|=0 The absolute value of a real num-
ber is positive or 0.

2. |—a| =la| - The absolute values of a real num-
ber and its opposite are equal.

3. |a| + |b] = |ab| The product of the absolute values

of two real numbers equals the
absolute value of their product.

The quotient of the absolute val-

a a
4. :b—: =5 (b #0) ues of two real numbers equals the’
) absolute value of their quotient.
5 la + b <|a| + [b] The absolute value of the sum of
(the triangle inequality) two real numbers is less than or
equal to the sum of their absolute
values.

To illustrate these properties, see the following.

|-15|=15and 15 =0 Property 1
|—10| = 10 and [10] = 10, so | ~10] = |10|.  Property 2
|5x| = |5] « |x| = 5|x]| since 5 is positive. ~ Property 3
% = ll%: = l—)z;—l, y#0 Property 4
To illustrate the triangle inequality, we let a =3 and b = —7/.
la+b|=|3+(=7)]|=|-4|=4

la| +|b|=13|+|-7|=3+7=10
Thus, la + bl = |a| + lbl Property 5
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o

awr, Q)
Figure 12

=10
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of mclusmn Remember this when applymg the rules for order of operaﬁons

Evaluating Absolute Value Expressions
Letx=—6and y = 10. Evaluate each expression.
2|x| - [3y]

(@) |2x - 3y] () ol

(a) |2X - 3y| = IZ(*G) - 3([O)| Substituie.

= l —-12 — 30| Work inside absolute value bars. Multiply.
= ]—42! Subtract,
=42 Definition of absolute value

2x| —[3y] _2|-6]—[3(10)]

(b) = Substitute.
|2y |—6(10)|
—130] |-6] = 6 multipl
) - 5 —0| = 06; multiply.
I‘“60} ply
12-30 Multiply. |30 = 30, —60] = 60
= Multiply. (30| = —00; =0
60 ply.
it A
=— ubtract.
60
3 o _
== Write in losvest terms; Tf = - %
10

< Now Try Exercises §3 and 95,

Distance hetween Peoints on a Number Line

If P and Q are points on a number line with coordinates a and b, respec-
tively, then the distance d(P, Q) between them is given by the following.

d(P,Q) =|b —a| or d(P,Q) = |a— b|

That is, the distance between two points on a number line is the absolute value
of the difference between their coordinates in either order. See Figure 12.

Finding the Distance between Two Points

Find the distance between —5 and 8.

Use the first formula above, with ¢ = —5 and b = 8.
|b—a|=|8—(-5)|=|8+5|=|13]|=13

Alternatively, for a = 8 and b = —5, we obtain the same result.

|b—al=|(-5)—8|=|-13|=13

=" Mow Try Exercise 105.




